Abstract: Double rotor machine, an electronic continuously variable transmission, has great potential in application of hybrid electric vehicles (HEVs), wind power and marine propulsion. In this paper, an axial magnetic-field-modulated brushless double rotor machine (MFM-BDRM), which can realize the speed decoupling between the shaft of the modulating ring rotor and that of the permanent magnet rotor is proposed. Without brushes and slip rings, the axial MFM-BDRM offers significant advantages such as excellent reliability and high efficiency. Since the number of pole pairs of the stator is not equal to that of the permanent magnet rotor, which differs from the traditional permanent magnet synchronous machine, the operating principle of the MFM-BDRM is deduced. The relations of corresponding speed and toque transmission are analytically discussed. The cogging toque characteristics, especially the order of the cogging torque are mathematically formulated. Matching principle of the number of pole pairs of the stator, that of the permanent magnet rotor and the number of ferromagnetic pole pieces is inferred since it affects MFM-BDRM's performance greatly, especially in the respect of the cogging torque and electromagnetic torque ripple. The above analyses are assessed with the three-dimensional (3D) finite-element method (FEM).
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Introduction
In recent years, double rotor machine has attracted great attention due to its wide application prospects in hybrid electric vehicles (HEVs) [1] [2] [3] [4] [5] [6] , wind power [7, 8] and marine propulsion [9] . Consisting of a stator and two rotors, a double rotor machine can realize flexible energy transformation as an electronic continuously variable transmission. There have been several proposals for double rotor machines in the past, such as compound-structure permanent-magnetic synchronous machines (CS-PMSM) [10, 11] , induction machines based electrical variable transmission [12, 13] , switched reluctance double-rotor machines [14] and dual mechanical port machines [15] . Though these double rotor machines meet the demand of power-split characteristics, they have two major disadvantages. Firstly, the rotating windings need brushes and slip rings, which may cause problems such as maintenance and low reliability. Secondly, the inner-rotor winding is easily overheated [16, 17] . To solve the above problems, a novel brushless double rotor permanent magnet machine based on the principle of magnetic-field modulation is presented in this paper. The axial magnetic-field-modulated brushless double rotor machine (MFM-BDRM) comprizes three parts: a stator, a modulating ring rotor and a permanent magnet rotor [18, 19] . The modulating ring rotor, composed of evenly distributed ferromagnetic pole pieces and nonmagnetic pole pieces, is sandwiched between the stator and the permanent magnet rotor [20] [21] [22] [23] . The brushless CS-PMSM system based on axial MFM-BDRM is a competitive alternative for HEV application, which is shown in Figure 1 . 
ICE
The permanent magnet rotor is coupled to the shaft of the internal combustion engine (ICE) while the shaft of the modulating ring rotor, also as the revolving shaft of the permanent magnet synchronous machine, is linked to the final gear. By adjusting the frequency of stator winding current, the MFM-BDRM provides speed difference from the ICE to the load. The permanent magnet synchronous machine enables the torque decoupling from the ICE to the load.
The purpose of this paper is to propose an axial MFM-BDRM. As the number of pole pairs of the stator is not equal to that of the permanent magnet rotor, the useful harmonic fields modulated through the modulating ring rotor contribute to stable torque transmission [24] [25] [26] [27] [28] . The operating principle of the MFM-BDRM is deduced based on interaction of magnetic fields. To describe torque ripple characteristics, the cogging toque is mathematically formulated [29] [30] [31] . Matching principle of the number of pole pairs of the stator, that of the permanent magnet rotor, and the number of ferromagnetic pole pieces is discussed [32] [33] [34] [35] . The above analyses are examined by three-dimensional (3D) finite-element method (FEM).
Theoretical Analysis

Principle of Operation
From the principle of electromechanical energy conversion, to realize stable electromagnetic torque transmission for traditional PMSM, it is required that the amplitude of magnetomotive force produced by the stator winding and that produced by the permanent magnet rotor be constant. Meanwhile, the angle between the above two magnetomotive forces should be constant as well. More specifically, there are two constraints to get constant electromagnetic torque: the number of pole pairs of the stator should be equal to that of the permanent magnet rotor, while the rotational speed of the stator magnetic field should also be equal to that of the permanent magnet rotor [36] .
For the axial MFM-BDRM, the number of pole pairs of the permanent magnet rotor is not equal to that of the stator, which is different from traditional permanent magnet synchronous machine. To achieve stable torque transmission in the air gap adjacent to the permanent magnet rotor, the number of pole pairs of the permanent magnet rotor should be equal to that of some space harmonic magnetic field produced by the stator winding and modulated to this air gap through the modulating ring rotor, and the corresponding speeds should be synchronized. Meanwhile, to achieve stable torque transmission in the air gap adjacent to the stator, the number of pole pairs of the stator should be equal to that of some space harmonic magnetic field produced by the permanent magnet rotor and modulated to this air gap through the modulating ring rotor, and the corresponding speeds should be synchronized. In order to get comparatively large modulated space harmonic magnetic field, magnetic field distribution of the permanent magnet rotor and the stator winding are investigated separately. As torque transmission relies on the interaction of magnetic fields, the operation principle can be deduced based on magnetic field interaction. For simplification purposes, the permeabilities of the stator core, the permanent magnet rotor yoke and the ferromagnetic pole pieces are considered as infinite. Meanwhile, the flux leakage and the slotting effect are negligible.
First, the stator winding is not fed with current. The magnetomotive force produced by the permanent magnet rotor can be written by Equation (1):
When the modulating ring rotor is removed, the flux density distribution in either air gap at an axial distance z produced by the permanent magnet rotor can be given in the following form by Equation (2):
When the modulating ring rotor is taken into account, the distortion effect of the ferromagnetic pole pieces on the magnetic field is similar to the slotting effect in permanent magnet machine, which can be approximated by multiplying the original magnetic field distribution with a modulating function. Therefore, the flux density distribution in either air gap at an axial distance z produced by the permanent magnet rotor resulting from the existence of the modulating ring rotor can be expressed by Equation (3) 
From Equation (3), the number of pole pairs in the space harmonic magnetic field distribution produced only by the permanent magnet rotor is given by Equation (4): 
The corresponding rotational speed is given by Equation (5):
When k = 0, the number of pole pairs in the space harmonic magnetic field distribution and the corresponding rotational speed are shown in Equations (6) and (7):
As such space harmonics have the same number of pole pairs and rotational speed with space harmonics before modulation, they are called the natural space harmonics.
When k ≠ 0, the number of pole pairs in the space harmonic magnetic field distribution and the corresponding rotational speed are shown in Equations (8) and (9) 
It can be seen that such space harmonics result from modulation. Therefore they are called the modulated space harmonics.
From Equation (3), it can be seen that the amplitude of the modulated space harmonic depends on the b ph (z) and λ j (z). The combination h = 1, k = −1 possesses the comparatively large modulated space harmonic produced by the permanent magnet rotor in the air gap adjacent to the stator. To achieve stable torque transmission in the air gap adjacent to the stator, the pole-pair number of the comparatively large modulated space harmonic produced by the permanent magnet rotor p p(1, −1) (h = 1, k = −1) should be equal to that of the stator p s , which can be expressed by Equation (10):
The rotational speed of the comparatively large modulated space harmonic produced by the permanent magnet rotor ω p(1, −1) (h = 1, k = −1) should be equal to that of the stator magnetic field ω s , which can be expressed by Equation (11):
Second, the stator adopts three-phase integral-slot distributed winding fed with alternating current (AC) while the permanent magnet rotor is not equipped with permanent magnets. The magnetomotive force produced by the stator winding can be written by Equation (12) 
When the modulating ring rotor is removed, the flux density distribution in either air gap at an axial distance z produced by the stator winding can be given in the following form by Equation (13) 
When the modulating ring rotor is taken into account, the flux density distribution in either air gap at an axial distance z produced by the stator winding can be expressed by Equation (14) 
From Equation (14) , the number of pole pairs in the space harmonic magnetic field distribution produced only by the stator winding is given by Equation (15) 
The corresponding rotational speed is given by Equation (16) 
When l = 0, the number of pole pairs in the space harmonic magnetic field distribution and the corresponding rotational speed are shown in Equations (17) and (18): 
When l ≠ 0, the number of pole pairs in the magnetic field distribution and the corresponding rotational speed are shown in Equations (19) and (20) 
From Equation (14), it can be seen that the amplitude of the modulated space harmonic depends on the b sv (z) and λ j (z). The combination v = 1, l = −1 possesses the comparatively large modulated space harmonic produced by the stator winding in the air gap adjacent to the permanent magnet rotor. To achieve stable torque transmission in the air gap adjacent to the permanent magnet rotor, the pole-pair number of the comparatively large modulated space harmonic produced by the stator winding p s(1, −1) (v = 1, l = −1) should be equal to the pole-pair number of the permanent magnet rotor p p , which can be expressed by Equation (21)
The rotational speed of the comparatively large modulated space harmonic produced by the stator winding ω s(1, −1) (v = 1, l = −1) should be equal to that of the permanent magnet rotor ω p , which can be expressed by Equation (22)
From Equations (10) and (21), the relation of p p , p s and p m can be governed by Equation (23):
From Equations (11), (22) and (23), the relation of ω p , ω s and ω m can be given by Equation (24):
It can be found that the axial MFM-BDRM provides speed difference between the shaft of the modulating ring rotor and the shaft of the permanent magnet rotor by adjusting the frequency of stator winding current, which realizes the function of speed decoupling.
Torque Transmission
As mentioned in the operation principle, fundamental to the operation of the MFM-BDRM is the modulation of the magnetic fields produced by the permanent magnet rotor and the stator winding. Flux densities in either air gap are the sum of infinite harmonic terms. The space harmonic magnetic fields with the same pole-pair number and rotational speed interact with each other, contributing to constant electromagnetic torque.
Based on Equations (4), (5), (23) and (24), the number of pole pairs in the space harmonic magnetic field distribution produced only by the permanent magnet rotor and the corresponding rotational speed can be expressed by Equations (25) and (26): 
By considering Equations (15), (16), (25) and (26), it can be deduced that p p(h, k) equals p s (v, l) and ω p(h, k) equals ω s (v, l) when the combination of h, k, v and l is determined by Equation (27):
It demonstrates that the satisfied space harmonics produced by the permanent magnet rotor and the stator winding have the same pole-pair number and rotational speed, which can contribute to the average torque. The space harmonics governed by Equation (27) are called effective harmonics.
According to Newton's third law, Equation (28) shows torque equilibrium relation of three parts:
The energy conservation relation between input power and output power is given by Equation (29):
Therefore, the torque ratio between output torque and input torque is given by Equation (30):
It can be seen that the choice of the combination between the number of pole pairs of the permanent magnet rotor and the number of ferromagnetic pole pieces determines the torque transmission capability. With a certain combination between the number of pole pairs of the permanent magnet rotor and the number of ferromagnetic pole pieces, the torque ratio is confirmed, which explains that the axial MFM-BDRM can only transfer torque by a torque ratio rather than realize torque control.
Torque Ripple
Torque ripple of the axial MFM-BDRM is composed of the cogging torque and the electromagnetic torque ripple. When the stator winding is not fed with current, torque ripple is caused by the interaction between the permanent magnet rotor and the ferromagnetic pole pieces of the modulating ring rotor, i.e., the cogging torque. Under the load condition, when the space harmonics produced by the permanent magnet rotor have the same pole-pair number but different rotational speeds with the space harmonics produced by the stator winding, the electromagnetic torque ripple which results on two rotors arises.
Cogging Torque
The cogging torque of interaction between the permanent magnet rotor and the ferromagnetic pole pieces of the modulating ring rotor is mathematically formulated. It should be stressed that the purpose of analysis below is the law of the cogging torque rather than accurate calculation.
When there is no current flow i in the stator coil, the cogging torque can be calculated from differentiating the total magnetic energy W with respect to the relative position angle α by Equation (31) :
Assuming that the magnetic energy is only stored in the air gap where the magnetic resistance is high, W can be expressed by Equation (32):
For simplicity, initial phase angles of the permanent magnet rotor and the modulating ring rotor are set θ 0p = 0 and θ 0m = 0, respectively. The flux density due to the permanent magnet rotor in the air gap adjacent to the permanent magnet rotor is regarded as even distribution along z axis. When two rotors rotate at different speeds, the relation between Δθ p and Δθ m can be governed by Equations (33) and (34):
Therefore, Δθ p and Δθ m can be obtained in Equations (35) and (36):
Equation (2) can be written in the following form by Equation (37):
The modulation function can be expressed by Equation (38):
For the axial MFM-BDRM, Equation (32) can be expanded to Equation (39): 
The integral part of Equation (39) The first term of Equation (42) becomes zero by partial derivation of α. The second, third and fourth terms become zero by integration over one period. Therefore, the condition for the existence of the cogging torque is the coefficient of θ in the fifth term zero, as shown by Equation (43).
The cogging torque is presented in Equation (44):
From Equations (43) and (44), it can be seen that the fundamental order of the cogging torque is the least common multiple between p m and 2p p . It means that when the rotation angles of two rotors differ by 2π, viz. 
Therefore, the smallest integers c min and d min that satisfy the condition of Equation (47) where the unit of ω p is revolutions per minute, i.e., rpm.
Electromagnetic Torque Ripple
From the principle of electromechanical energy conversion, it can be seen that when the number of pole pairs of the stator equals that of the permanent rotor, but the rotational speed of the stator magnetic field is not equal to that of the permanent rotor, electromagnetic torque ripple will be obtained [36] .
For the axial MFM-BDRM, the harmonic fields with the same pole-pair number but different rotational speeds interact with each other, resulting in electromagnetic torque ripple. With the existence of the modulating ring rotor, there are amount of space harmonic magnetic fields in either air gap. Therefore, combination between the number of pole pairs of the permanent magnet rotor and that of the stator has a significant influence on the electromagnetic torque ripple. Since the stator adopts three-phase integral-slot distributed winding in this paper, the number of pole pairs of the stator should be small. If the number of pole pairs of the stator is large, the slot number of the stator will be large as well, resulting in super thin tooth breadth of the inner diameter of the stator. Circumstances of the significant electromagnetic torque ripple are investigated under the premise that the number of pole pairs of the stator is no bigger than that of permanent magnet rotor.
When the number of pole pairs of the permanent magnet rotor is an integral multiple of that of the stator, p p and p p (1, 1) can be expressed by Equations (49) and (50):
(1,1)
where e is a positive integer. The first circumstance is e = 3g (g = 1, 2, 3…), in which p p (1, 1) can be expressed by Equation (51):
(1,1) (6 1,0)
In this case, the modulated space harmonic with the number of pole pairs p p (1, 1) produced by the permanent magnet rotor is the major harmonic with the rotational speed + Since the two space harmonics have the same pole-pair number but different rotational speeds, their interaction will contribute to electromagnetic torque ripple in either air gap under the load operation. As the modulated space harmonic with the pole-pair number p p (1, 1) has large amplitude, significant electromagnetic torque ripple arises. It should be notable that the smaller e or g is, the larger amplitude of the natural space harmonic with the number of pole pairs p s(6g+1, 0) will be, which results in higher electromagnetic torque ripple.
The second circumstance is e = 3g − 1 (g = 1, 3, 5…), in which p p (1, 1) can be expressed by Equation (52) 
In this case, the modulated space harmonic with the number of pole pairs p p (1, 1) produced by the permanent magnet rotor is the major harmonic with the rotational speed + . Therefore, two kinds of non-ignorable harmonic interactions will contribute to electromagnetic torque ripple. As the modulated space harmonic with the pole-pair number p p (1, 1) and the fundamental harmonic with the pole-pair number p p both have large amplitudes, significant electromagnetic torque ripple arises. It should be notable that the smaller e or g is, the larger amplitudes of the natural space harmonics with the number of pole pairs p s(6g−1, 0) and p s(3g−1, 0) will be, which results in higher electromagnetic torque ripple. The fourth circumstance is e = 3g + 1 (g = 0, 2, 4…), in which p p (1, 1) can be expressed by Equation (55):
In this case, the natural space harmonic with the number of pole pairs p p produced by the permanent magnet rotor is the fundamental harmonic with the rotational speed ω p while the space harmonic with the number of pole pairs p s(3g+1, 0) produced by the stator winding is the natural space harmonic with the rotational speed 3 +1 s g ω . Their interaction will contribute to electromagnetic torque ripple in either air gap under the load operation. As the natural space harmonic with the pole-pair number p p (1, 1) has large amplitude, significant electromagnetic torque ripple arises. It should be notable that the smaller e or g is, the larger amplitude of the natural space harmonic with the number of pole pairs p s(3g+1, 0) will be, which results in higher electromagnetic torque ripple.
The last circumstance is e = 3g + 1 (g = 1, 3, 5…). In this case, no dominant harmonic interaction will contribute to electromagnetic torque ripple. It should be notable that space harmonics contributing to electromagnetic torque ripple also exist. Their interaction will result in less significant electromagnetic torque ripple.
When the number of pole pairs of the permanent magnet rotor is not an integral multiple of that of the stator, no dominant harmonic interaction will contribute to electromagnetic torque ripple. It should be notable that space harmonics contributing to electromagnetic torque ripple also exist. Their interaction will result in less significant electromagnetic torque ripple.
With no doubt, the existence of torque ripple will be detrimental to the performance of the axial MFM-BDRM. From analysis of the cogging torque and electromagnetic torque ripple above, it can be seen that the adoption of the case that the greatest common divisor between the pole-pair number on the permanent magnet rotor and the pole-pair number on the stator is 1 can greatly reduce torque ripple, thus significantly improve the performance of the machine.
FEM Simulation
By using 3D time-stepping FEM, validity of the above theoretical analyses is assessed [37] . With the number of pole pairs of the stator being 4, the number of pole pairs of the permanent magnet rotor being 17 and the number of ferromagnetic pole pieces being 21, 3D simulation model of the axial MFM-BDRM is shown in Figure 2 . 
The permanent magnet rotor is equipped with sintered NdFeB permanent magnets. Silicon steel laminations are employed for the ferromagnetic pole pieces and the stator. Figure 3 shows the axial flux density waveforms due to the permanent magnet rotor in the air gap adjacent to the stator and corresponding space harmonic spectra. The major harmonic before modulation is the natural space harmonic with the pole-pair number 17 (h = 1, k = 0). It can be seen that the presence of the modulating ring rotor results in a number of modulated space harmonics, viz. k ≠ 0. The major modulated space harmonics with the pole-pair number 4 (h = 1, k = −1), 25 (h = 1, k = −2) and 38 (h = 1, k = 1) are effective harmonics, the largest of which (h = 1, k = −1) has the same number of pole pairs with the stator. 
Flux Density Waveform and Harmonics Analysis
From theoretical analysis summarized in Equation (27) , the space harmonics produced by the permanent magnet rotor with the pole-pair number 4 (h = 1, k = −1), 17 (h = 1, k = 0), 25 (h = 1, k = −2) and 38 (h = 1, k = 1) interact with the space harmonics produced by the stator winding with the pole-pair number 4 (v = 1, l = 0), 17 (v = 1, l = −1), 25 (v = 1, l = 1) and 38 (v = 1, l = −2), contributing to torque transmission in the air gap adjacent to the stator. It is notable that the largest modulated space harmonic magnetic field with the pole-pair number 4 (h = 1, k = −1) produced by the permanent magnet rotor matches with the main magnetic field produced by the stator winding so that the main torque in the air gap adjacent to the stator is obtained. Figure 5 shows the axial flux density waveforms due to the permanent magnet rotor in the air gap adjacent to the permanent magnet rotor and corresponding space harmonic spectra. The major harmonic before modulation is the natural space harmonic with the pole-pair number 17 (h = 1, k = 0). It can be seen that the presence of the modulating ring rotor results in a number of modulated space harmonics, viz. k ≠ 0. The major modulated space harmonics with the pole-pair number 4 (h = 1, k = −1) and 38 (h = 1, k = 1) are effective harmonics. (d) Figure 6 shows the axial flux density waveforms due to the stator winding in the air gap adjacent to the permanent magnet rotor and corresponding space harmonic spectra. Without the modulating ring rotor, the major harmonics with the pole-pair number 4 (v = 1, l = 0), 20 (v = 5, l = 0), 28 (v = 7, l = 0), 44 (v = 11, l = 0) and 52 (v = 13, l = 0) are natural space harmonics, viz. l = 0. The presence of the modulating ring rotor results in a number of modulated space harmonics, and the largest modulated space harmonic with the pole-pair number 17 (v = 1, l = −1) is effective harmonic, which has the same number of pole pairs with the permanent magnet rotor.
From theoretical analysis summarized in Equation (27) , the space harmonics produced by the permanent magnet rotor with the pole-pair number 4 (h = 1, k = −1) and 17 (h = 1, k = 0) interact with the space harmonics produced by the stator winding with the pole-pair number 4 (v = 1, l = 0) and 17 (v = 1, l = −1), contributing to torque transmission in the air gap adjacent to the permanent magnet rotor. It is notable that the largest modulated space harmonic magnetic field with the pole-pair number 17 (h = 1, k = −1) produced by the stator winding matches with the main magnetic field produced by the permanent magnet rotor so that the main torque in the air gap adjacent to the permanent magnet rotor is obtained. 
Operating Principle
As the number of pole pairs of the permanent magnet rotor is not equal to the number of pole pairs of the stator with the existence of the modulating ring rotor, initial positions of the magnetic fields produced by the stator winding and the permanent magnet rotor should be predetermined properly to produce large torque. The static performance of the axial MFM-BDRM is evaluated by holding the modulating ring rotor still, feeding the stator winding with DC current of The torque-angle curves are shown in Figure 8 . It can be seen that the torque waveforms vary sinusoidally with the angles. Moreover, there is a π difference between the phase angles of the permanent magnet rotor and the modulating ring rotor. The torque ratio of the modulating ring rotor with respect to the permanent rotor is very close to −21/17 at any rotor angle, which well agrees with Equation (30) . The torque on the modulating ring rotor reaches the peak value at slip angle of 0 degree where the position of the resultant magnetic field produced by the stator winding coincides with the q axis. It means that i d = 0 control strategy is suitable for the axial MFM-BDRM to get the maximum torque transmission capability. In order to evaluate the transient performance of the axial MFM-BDRM, high-speed operation mode is selected for simulation. Figure 9 shows three-phase no-load back electromotive force (EMF) waveforms and electromagnetic torque waveforms of the three parts. It can be seen that the frequency of the no-load back EMF is the same as 2050/3 Hz when the permanent magnet rotor operates at the rotational speed of 5000 rpm and the modulating ring rotor operates at the rotational speed of 6000 rpm, which agrees with the operating principle of Equation (24) . After that, the stator winding is fed with three-phase rated current at the frequency of 2050/3 Hz, viz. ω s = 10,250 rpm, to meet the operation demand. It can be found that stable torque transmission can be achieved. The electromagnetic torque on the modulating ring rotor, on the permanent magnet rotor and on the stator is 62.71 Nm, −50.44 Nm and −12.27 Nm, respectively. The torque ratio of the modulating ring rotor with respect to the permanent rotor is −1.24, approximately equal to −21/17. As will be evident from Figure 9 , the axial MFM-BDRM can realize speed decoupling between the permanent magnet rotor and the modulating ring rotor by adjusting the frequency of the stator winding. Moreover, the machine can transfer torque by a torque ratio. Figure 10 shows how the electromagnetic torque and torque ratio vary with the number of pole pairs of the permanent magnet rotor when the number of stator pole pairs remains to be 4. Each model is simulated under the condition that the permanent magnet rotor operates at the rotational speed of 5000 rpm and the modulating ring rotor operates at the rotational speed of 6000 rpm. The same stator structure, the same number of winding turns per phase and the same overall dimension are presumed. The electromagnetic torque on the modulating ring rotor increases with the number of pole pairs of the permanent magnet rotor. Absolute value of the electromagnetic torque on the permanent magnet rotor increases with the number of pole pairs of the permanent magnet rotor as well. It is evident that the simulation value coincides exactly with the theoretical value. Therefore, the validity of Equation (30) is assessed. 
Torque Transmission
Torque Ripple Characteristics
Model with the number of pole pairs of the permanent magnet rotor being 12 and the number of ferromagnetic pole pieces being 16 is selected to evaluate the theoretical analysis of the cogging torque. The permanent magnet rotor operates at the rotational speed of 5000 rpm and the modulating ring rotor operates at the rotational speed of 6000 rpm. It means that the rotation angles of two rotors differ by 2π when the rotation time is 0.06 s. The cogging torque waveforms of the two parts are presented in Figure 11 . It can be found that the fundamental order of the cogging torque on the permanent magnet rotor is 48 and the same goes with the cogging torque on the modulating ring rotor. The cogging toque on the permanent magnet rotor and the cogging torque on the modulating ring rotor are approximately equal and opposite. As the least common multiple between p m and 2p p is also 48, the fundamental order of the cogging torque is equal to the least common multiple between p m and 2p p . Therefore, Equation (44) is verified through 3D FEM. Figure 12 is the cogging torque waveforms with three different circumstances. The first circumstance is the rotational speed of the permanent magnet rotor being 1000 rpm and that of the modulating ring rotor being 2000 rpm. The second circumstance is the rotational speed of the permanent magnet rotor being 2000 rpm and that of the modulating ring rotor being 3000 rpm. The third circumstance is the rotational speed of the permanent magnet rotor being 5000 rpm and that of the modulating ring rotor being 6000 rpm. From Equation (48), the cogging torque periods of three circumstances are calculated as follows: Time (ms) ωp=1000 ωm=2000 ωp=2000 ωm=3000 ωp=5000 ωm=6000
(a) (b)
As will be evident from Figure 12 , the time when cogging torque waveforms periodically repeat for three circumstances is 7.5 ms, 1.25 ms and 2.5 ms, respectively. The simulation result agrees with the calculated result, which demonstrates the validity of Equation (48). Moreover, waveforms of the three circumstances all fluctuate 6 times within 7.5 ms. It means that waveforms of the three circumstances will fluctuate 48 times within 0.06 s, which coincides exactly with Equation (44). It can be seen that the rotational speeds of two rotors have an influence on the waveform of the cogging torque. Figure 13 shows how the cogging torque varies with the number of pole pairs of the permanent magnet rotor when the number of stator pole pairs remains to be 4. Each model is simulated under the condition that the permanent magnet rotor operates at the rotational speed of 5000 rpm and the modulating ring rotor operates at the rotational speed of 6000 rpm. The same stator structure, the same number of winding turns per phase and the same overall dimension are presumed. Moreover, Electromagnetic torque ripple is estimated by the ΔT difference under the no-load condition and load condition. Figure 14 shows how ΔT p and ΔT m vary with the number of pole pairs of the permanent magnet rotor when the number of stator pole pairs remains to be 4. Each model is simulated under the condition that the permanent magnet rotor operates at the rotational speed of 5000 rpm and the modulating ring rotor operates at the rotational speed of 6000 rpm. The same stator structure, the same number of winding turns per phase and the same overall dimension are presumed. Figure 16 shows cogging torque waveforms for the four schemes. It can be found that the cogging toque on the permanent magnet rotor and that on the modulating ring rotor are approximately equal and opposite for each scheme. Cogging torque for the scheme with p p = 20 is much larger than the other three schemes. Performance comparison for the four schemes is listed in Table 2 . In consideration of the total harmonic distortion (THD) of no-load back EMF, the schemes with p p = 17 and p p = 19 are pretty good, while the scheme with p p = 20 is worst. In consideration of ΔT p and ΔT m under no-load Figure 18 . Axial flux density waveforms due to the permanent magnet rotor, in two air gaps and corresponding space harmonic spectra: (a) axial flux density waveform in the air gap adjacent to the permanent magnet rotor; (b) the space harmonic spectrum in the air gap adjacent to the permanent magnet rotor; (c) axial flux density waveform in the air gap adjacent to the stator; and (d) the space harmonic spectrum in the air gap adjacent to the stator. 
Since the space harmonic with the pole-pair number 20 produced by the permanent magnet rotor and the space harmonic with the pole-pair number 20 produced by the stator winding have the same pole-pair number but different rotational speeds, torque ripple in either air gap arises under the load operation. As the two space harmonics with the pole-pair number 20 have large amplitudes, their interaction will contribute to high electromagnetic torque ripple. Similarly, the space harmonic with the pole-pair number 40 produced by the permanent magnet rotor interact with the space harmonic with the pole-pair number 40 produced by the stator winding, resulting in significant electromagnetic torque ripple in either air gap under the load operation as well.
Therefore, care must be taken to note that the adoption of the scheme that the greatest common divisor between the pole-pair number on the permanent magnet rotor and the pole-pair number on the stator is 1 can have satisfactory operation performance. Figure 19 . Axial flux density waveforms due to the stator winding, in two air gaps and corresponding space harmonic spectra: (a) axial flux density waveform in the air gap adjacent to the permanent magnet rotor; (b) the space harmonic spectrum in the air gap adjacent to the permanent magnet rotor; (c) axial flux density waveform in the air gap adjacent to the stator; and (d) the space harmonic spectrum in the air gap adjacent to the stator. (4) The performance analysis verifies that the adoption of the scheme that the greatest common divisor between the pole-pair number of the permanent magnet rotor and that of the stator is 1 can prominently reduce torque ripple and make the no-load back EMF more sinusoid, resulting in good performance of the machine.
